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I. INTRODUCTION
O RTHOGONAL frequency-division multiplexing (OFDM) is widely employed in wireless communication systems like digital audio broadcasting (DAB) [1] , digital video broadcasting-terrestrial (DVB-T) [2] , and HY-PERLAN/2 [3] for wireless local-area network (WLAN). The mixture of code-division multiple access (CDMA) and OFDM is considered to be a good candidate for future generation mobile wireless systems [4] . Wireless communications are generally subject to severe multipath fading channels that can seriously degrade the system performance. Counteracting the frequency selectivity of multipath channels by multiplexing information on different orthogonal carriers is the key to the OFDM success. Indeed, if a cyclic prefix is inserted between successive OFDM symbols, the overall system can be viewed as composed of parallel frequency flat channels [4] - [6] . In modern communication systems, which take advantage of the fast Fourier transform (FFT) processing to realize an OFDM modem, the channel induced distortions can then easily be compensated at the receiver side by a complex multiplication of each FFT output. An OFDM signal is generally characterized by the sum of a high number of carriers. This causes a highly variable envelope, which makes the technique sensitive to nonlinear distortions introduced by real hardware (power amplifiers, analog-to-digital-digital-to-analog (A/D-D/A) converters, etc.). A complex baseband OFDM signal, with a Manuscript received March 7, 2001 ; revised April 19, 2002 high number of carriers, can be modeled as a complex Gaussian process due to the central limit theorem [8] and, consequently, the distortions introduced by nonlinear amplifiers can be modeled and computed by means of a complex extension [7] , [10] of the Bussgang theorem [8] . Analytical results for both the nonlinearity output power spectral density (PSD) and the symbol-error rate (SER) performance in additive white Gaussian noise (AWGN) channels are carried out in [9] - [11] . The aim of this work is to extend the analytical results obtained in [9] to more realistic wireless scenarios, where the nonlinear amplification and the frequency-selective fading jointly affect the SER performance. The typical OFDM system architecture, the nonlinear amplifier model and the fading channel model are analyzed in Section II. To characterize the nonlinear distortion phenomena, a brief summary of the results obtained in [9] is also given in Section II. The analytical results for the system under consideration are derived in Section III and they will be compared with the simulation results in Section IV. Finally, some conclusions are drawn in Section V.
II. SYSTEM DESCRIPTION

A. OFDM System Architecture
A general architecture of an OFDM system is shown in Fig. 1 . The complex baseband samples of an OFDM signal (without the guard time interval) transmitted during an OFDM block duration , are expressed by [6] , [12] (1) where represents the complex information symbol transmitted during the th OFDM block on the th subcarrier and is the angular frequency of the th subcarrier. The symbols are the results of mapping bits on a complex constellation [e.g., M-quadrature amplitude modulation (QAM), M-differential phase-shift keying (DPSK), M-phase-shift keying (PSK)] imposed by the application (e.g., DAB, DVB-T, IEEE 802.11, etc.). The time continuous complex signal , which is obtained from after the parallel to serial (P/S) conversion and the D/A conversions, is transmitted by a power amplifier whose instantaneous nonlinear distortions are usually modeled by means of a complex nonlinear distorting function , which only depends on the envelope of the input signal and where and are the AM-AM and AM-PM distorting curves, respectively [13] , [14] . Thus, the output signal can be expressed by The extension of the Bussgang theorem to complex Gaussian inputs [7] , [10] , allows expressing the nonlinear output as the sum of a complex-scaled useful input replica and an uncorrelated nonlinear distortion noise , as expressed by (3) where is time invariant for stationary input processes. Although the OFDM signal is not stationary, it has been shown in [10] that an OFDM signal guarantees to be time invariant if it is obtained by a rectangular pulse shaping of the IFFT outputs in the D/A converter of Fig. 1 or by a band-limited pulseshaping in the frequency range . This is assumed in the current paper.
For a slowly varying channel, with a coherence time longer than the OFDM block duration , where is the guard time duration, the channel is assumed to be time invariant for each transmitted OFDM block. The choice to use the guard-time interval to introduce a cyclic extension of the OFDM block is generally adopted in order to reduce the equalizer complexity at the receiver side. Indeed, for the th OFDM block, each FFT output at the receiver side is expressed by [4] , [5] (4) where is the signal received through the time-varying channel , is the sampled receiver input after the cyclic extension removal and it is straightforward from (1) to derive that [4] , [12] (5) where the generic signal " " represents the FFT output corresponding to the signal " " during the th OFDM block, , is the time varying channel transfer function, and is the frequency separation between each subcarrier.
Expression (5) outlines that the symbol received on each subcarrier is a complex distorted replica of the transmitted one, corrupted by two noise terms. The contribution represents the nonlinear distortion noise filtered by the channel, while the contribution represents the thermal Gaussian noise at the receiver side. The nonlinear distortion noise can be modeled by a zero-mean complex Gaussian random variable (characterized by uncorrelated real and imaginary components with equal power ) if the power input backoff is not too high (i.e., for dB for DVB-T systems that employ thousands of carriers, or for a lower if the number of carriers decreases). The Gaussian nature of the nonlinear distortion noise can be explained by the fact that is obtained by a linear combination, through the FFT coefficients, of the distortion noise introduced in the time domain on a block of samples [9] , thus generating a Gaussian-like clustering of the constellation points transmitted on each carrier [19] . The Gaussian assumption of will be the basis for the performance analysis in Section III.
B. Channel Model
In order to rigorously motivate the analytical performance evaluation, we need to statistically characterize the channel coefficients , which by (5) impairs the transmission over each subcarrier. A popular and general representation of the function in (4) is [15] (
where a multipath fading channel is modeled as the sum of frequency flat channels. In nonline-of-sight (NLOS) conditions the coefficients are generally modeled as zero-mean complex Gaussian processes, whereas in LOS conditions at least one coefficient is a nonzero-mean Gaussian process. The propagation delay associated to each path can also be considered time invariant like for the COST-207 channel [16] .
Under these hypotheses, the channel coefficients are expressed by (7) Clearly, is a complex Gaussian random variable because it is a linear combination of Gaussian random variables and it is easy to proof [12] that, if has uncorrelated real and imaginary components with the same variance , then has uncorrelated components too and its envelope is characterized by a Rice probability density function (pdf). Specifically, if the channel has a single LOS path, then the Rice pdf of is independent of the block index and the carrier index and it is expressed by (8) where ( ) is the mean-value of the channel transfer function and ( ) is the mean-value of the LOS coefficient . The envelope is still Rice distributed even with multiple LOS paths, but the Rice pdf will only be time invariant if the delays associated to the LOS paths themselves are time invariant. The previous hypotheses, which are encountered in most realistic scenarios, greatly simplify the analytical evaluation of the system performance and allow averaging the SER performance over a single pdf of the signal-to-noise ratio (SNR) rather than over a number of pdfs equal to the number of subcarriers [see (25) - (28)].
C. Nonlinear Distortion PSD
The PSD evaluation at the nonlinearity output is not the main subject of this paper and the interested reader is referred to [9] . Anyway, some concepts developed in [9] that are necessary to evaluate the SER performance are briefly summarized in this paragraph to assist the reader. The analytical computation of the output PSD and its separation in useful and nonlinear noise components by means of (3) and (9), allow to exactly compute the system performance. Indeed, only the in-band frequency components of the nonlinear distortion noise have to be taken into account to precisely compute the SER performance. This is different from [10] , where all the nonlinear noise power was considered in AWGN channels.
The PSD of the nonlinear output in (3) can be expressed by (9) where the th term in the series represents the ( )th auto convolution of the input PSD . The coefficients are expressed by [9] (10)
where is the integration domain and is the Laguerre polynomial of the first kind and th order. The coefficients depend not only on the nonlinear distorting function , as explicitly shown by (10) , but also on the input-backoff that represents the ratio between the input saturation power of the nonlinearity and the mean power of the input signal . Closed form expressions of the coefficients are derived in [9] , either when the complex nonlinearity represents the amplifier AM/AM and AM/PM curves and it is expressed by a Bessel series expansion (11) or when represents the ideally predistorted amplifier as expressed by (12) where and are the normalization coefficients [14] .
III. OFDM PERFORMANCE IN NONLINEAR FADING CHANNELS
This section derives the analytical SER performance of OFDM systems in nonlinear frequency-selective fading channels, by extending the analysis for the linear case. The symbol received during the th OFDM block on the th subcarrier is expressed by (5) . It should be clear from Section II-B that the transmission of the information symbols over each subcarrier is impaired by a flat Rice fading channel as expressed by (13) with a fading coefficient and an additive noise term . The envelope of the coefficient is Rice distributed because it is obtained by scaling the Rice random variable by the quantity . Thus, each OFDM subchannel is modeled as a classical Rice flat fading channel where, in the nonlinear scenario, the fading process influences also the noise term. The amplifier contribution and the channel contribution to the distortion of the useful signal will be indistinguishable to any channel estimation technique. Consequently, with perfect channel state information at the receiver side, the estimated symbol obtained by zero forcing (ZF) equalization is given by (14) It is well-known that in a single-tap scenario the minimum mean square error (MMSE) equalizer is given by (15) where is the constellation mean power and the thermal noise power. The MMSE equalizer is clearly equivalent to a scaled version of the ZF and consequently it performs as the ZF if the decision thresholds after the equalization are accordingly scaled. Thus, there is no reason to use an MMSE equalizer and in the sequel we will consider the ZF expression (14) , which leads to manageable analytical expressions for the SER.
Without the nonlinear distortion, (14) reduces to (16) which resembles the classical linear flat fade phenomenon (16) It is well-known that the mean SER performance in such an environment can be obtained by [15] , [17] SER (17) where is the channel affected SNR as expressed by (18) is the corresponding pdf and is the error probability, which depends on the mapping. It is known that , which is independent of the th block, is either an exponential or a chi-squared pdf with two degrees of freedom, if is either a Rayleigh or a Rice random variable, respectively. Specifically, is given by (19) or see (20) , shown at the bottom of the page. The parameter , which represents the mean SNR, is independent of the th subcarrier if the channel is characterized by a single LOS (as assumed in the following) and is expressed by Rayleigh Rice (21) where is the power ratio between the LOS and the NLOS contributes.
Expressions (16) and (17) state the well known fact that the SER performance for each th subcarrier of an OFDM system, in a frequency-selective fading channel, is the same SER of a single carrier system in a frequency-flat fading channel.
In the nonlinear fading scenario, the SNR for a given becomes (22) The SNR on the th subcarrier in (22) can be expressed as a function of the SNR in linear fading conditions (23) where is the nonfaded SNR at the nonlinearity output, or equivalently, the SNR at the receiver side in absence of thermal noise, on the th subcarrier. From [9] , we know that (24) where and are used to denote the PSD of the input signal and the PSD of the distortion noise signal , respectively [see (3) and (9)]. We want to point out that depends on the nonlinearity as can be seen from (9) and (10) .
Modifying (17) by (23) the uncoded mean SER for the th subcarrier results computable by SER (25) The expression of for an AWGN channel is still used because the total noise at the receiver side is the sum of the two independent Gaussian contributions (i.e., and ), which represent the thermal and the channelscaled nonlinear noise, respectively. Alternatively, the SER can be computed by the following:
where is obtained from in Appendix A [8] . Clearly, both (25) and (26) reduce to (17) when nonlinear distortions are avoided, i.e., when and . The mean SER for the OFDM system is simply obtained by averaging the mean SERs of all the subcarriers, as expressed by where represents the number of active carriers used to transmit information within the total number of carriers. In order to reduce the computing time involved in the numerical evaluation of (25) or (26) for all the subcarriers, the SER can be approximated by SER
where (29) is the mean nonlinear SNR for all the active subcarriers and for any in a single LOS scenario. The use of (28) and (29) instead of (25) and (27) produces a very low inaccuracy in the evaluation of the SER performance of the OFDM system because the nonlinear SNR expressed by (24) is quite the same for most of the active carriers. Indeed, the PSD of the useful OFDM signal is usually constant for each subcarrier while the nonlinear distortion noise is characterized by a quasi-constant PSD inside the useful OFDM bandwidth, with monotonically decreasing values starting from the band center up to the band edges [9] .
Generally, forward error correction techniques are employed to mitigate the SER degradation introduced by frequency-selective channels. The relationship between the uncoded SER, which can be estimated at the input of the channel decoder and the coded SER at the output, depends not only on the selected coding technique, but also on the channel that generates the errors at the input of the receiver's decoder. The DVB-T system makes use of a complex channel coding scheme that exploits a Reed-Solomon block code concatenated to a convolutional code, as well as time and frequency interleavers (see [2] for further details). Anyway, the evaluation of the coded performance of an OFDM system in nonlinear fading channels is beyond the scope of the present paper and it would require a dedicated work. We refer the interested reader to [21] - [23] for coded performance in a linear scenario.
IV. SIMULATION RESULTS
In this section, we show a performance comparison between analytical results and computer simulations as a verification of the analytical approach. The DVB-T system, with uniform M-QAM constellations, has been chosen as a reference although the conclusions are extensible to any OFDM system as long as the FFT size is large enough to satisfy the Gaussian signal assumption, the cyclic extension of the OFDM block is used to eliminate ISI and the OFDM block duration is lower than the channel coherence time.
The DVB-T signal in the 2K-mode operating condition [2] is formed by 2048-length blocks ( ) characterized by a duration s (without the guard time ). We have over sampled by four each DVB-T block in the time domain in order to obtain an adequate signal representation in a nonlinear environment. The interpolated signal has been successively distorted during the simulations by the curves (11) and (12) , which represent the AM/AM-AM/PM distorting amplifier and the ideally predistorted amplifier, respectively. The values of the coefficients , and , used in (11) to represent the distorting amplifier of Fig. 2 , have been obtained by fitting the measurement carried out on a real DVB-T amplifier and they are detailed in Appendix B.
The DVB-T standard [2] maps the information bits on a M-QAM constellation with size , which can be equal to 4, 16, or 64 depending on the applications and scenarios. Consequently, the expression of the symbol error probability that must be used in (17), (25), (26), or (28) to calculate the mean SER for each subcarrier [15] is given by (30) where is the average SNR per symbol and . It is important to outline that the SNR at the receiver for the th subcarrier, after the FFT processing, is generally defined as the power ratio between the received signal and the thermal noise . This SNR will be termed "apparent" and denoted as because it is not the SNR that establishes the performance. It is, however, the measurable SNR at the receiver and, (23) is the effective SNR that establishes the performance at the receiver in presence of nonlinear distortions, as expressed by (25) and (26). Indeed, it represents the power ratio between the useful signal and the total noise at the receiver side, after the FFT processing. It is easy to show that the two SNRs are related one with another by (31) Moreover, it is important to note that the 2048 subcarriers, available in the 2k-mode of the DVB-T system, are not all used to transmit information. Some of them are switched off to implement a guard band between adjacent channels, while other carriers, named "pilot carriers," are used to deliver system configuration parameters, synchronization information and channel sounding signals in order to help the receiver in the demodulation process. The 2048 carriers are divided as detailed in Table I . Note that different types of carriers are transmitted with different powers. As a consequence, a normalization factor must be introduced between the overall SNR (generally measured) and the effective SNR responsible for the system performance on the data subcarriers, which is the one we use in the SER performance analysis [see (25) , (26), and (30)].
The SER performance can be exactly calculated either by the expressions (26)-(27) or (28)-(29) and they can be compared with the simulation results by using (32) which expresses the relationship between the overall SNR and the SNR of the data carriers. By substituting the values shown in Table I , the expression (32) becomes in decibels dB
while the relation between SNR and the parameter is expressed by (34) where is the number of bits per symbol transmitted by the M-QAM mapping.
The simulations have been performed with perfect channel inversion and perfect intersymbol interference (ISI) elimination by adequate cyclic extension, as supposed in the theoretical analysis.
The channels used in the simulations are standardized by COST 207 [16] and they are compliant with the general channel model of Section II-B. The COST 207 model encompasses four different scenarios ("hilly terrain," "bad urban," "typical urban," and "rural area") each of which is characterized by a typical delay spread and power delay profile. Each channel model is further characterized by the sum of different flat Rayleigh fading channels corresponding to different path delays, except for the first path that is modeled by a flat Rice fading channel in order to take possible LOS condition into account. The parameter of (20) and (21), which defines the power ratio between the signal received over the LOS path and the ones that propagate over the NLOS paths, is one of the parameters that have been considered to plot the SER performance. The output backoff ( ) is another important parameter. It is the key parameter for a meaningful comparison between the predistorted and the nonpredistorted scenario. The is defined as the ratio between the maximum and the mean amplifier output power. It generally depends on both the input backoff and the nonlinear distortion . For the ideal predistortion of (12), the is given by [9] (35) Fig. 3 shows a good agreement between analytical and simulation results in different scenarios, ranging from nonlinear amplification to ideal predistortion, with different ratio between the direct and the scattered paths, different and different modulation size . All the theoretical results are derived by means of (28), which means that (28) is a good approximation of the exact uncoded SER performance expressed by (27). Other analytical results are shown in Fig. 5(a)-(d) . All these figures show the uncoded SER performance. In practice, the DVB-T system includes a punctured concatenated channel code to improve the SER performance. The DVB-T standard requires a BER equal to 2 10 (SER BER 10 10 10 for 4/16/64-QAM, respectively) at the output of the Viterbi convolutional decoder in order to guarantee a quasi-bit-error free transmission at the output of the Reed-Solomon block decoder (BER 10 ). It is not easy to state what is the uncoded SER for symbol detection before the Viterbi decoder that produces the required BER performance after the decoding process. Indeed, it depends on the code rate (1/2, 2/3, 3/4, 5/6) that is imposed by puncturing, as well as on the residual correlation of the samples at the input of the decoder that is not completely eliminated by the finite-length interleavers. Moreover, a better performance can be obtained by using soft decision instead of hard decision decoding. Some simulation results obtained for the DVB-T convolutional code are shown in Fig. 4 by means of hard decision decoding in linear scenarios. The figure outlines how the quasi-error free condition translates in different requirements of uncoded BER performance depending on the channel coherence bandwidth and puncturing. The performance degradation due to the subcarriers correlation is highlighted for code rate equal to 1/2 and for a coherence bandwidth of 200 KHz, which causes a correlation of about 44 adjacent subcarriers for the subcarrier separation KHz in 2K-DVB-T. Anyway, it is possible to state that in most situations the required uncoded SER at the input of the Viterbi decoder lies between 1 10 and 1 10 .
As a consequence, the performance results of Figs. 3 and 5 have to be considered with particular attention to that SER range. Fig. 5(a) , which shows the SER performance in the "hilly terrain" frequency-selective channel [16] characterized by a 10-dB power ratio between the direct and the scattered paths, suggests to choose, for the amplifier without predistortion, an of approximately 8.8 dB in order to avoid performance degradation. The optimum is usually defined as the one that minimizes the so called "total degradation," which is the sum of the and the excess (Eb/No) that guarantees at this the same target SER performance with respect to the linear situation [24] . Indeed, an excessive reduction, which represents a power increase at the transmitter side, results in a power waste at the receiver side because of the higher signal power that is required to compensate for the increased nonlinear distortion noise. Fig. 5(b) shows the SER performance, in the same scenario, when the ideal amplifier predistortion is used and it suggests an optimum value of approximately 6.2 dB. The total degradation as a function of the is plotted in Fig. 6 . This figure clearly shows that the gain obtained for Rice channels ( dB) by the predistortion technique is not limited to the 2.6 dB of reduced optimum but, by means of the total degradation concept, it also includes about 0.5 dB of lower SNR required at the receiver side to obtain the same SER performance. Moreover, Fig. 6 shows that the optimum depends on the channel statistic, suggesting a lower value for Rayleigh fading channels.
It should be pointed out that the choice of the optimum value for an OFDM system should also consider the signal spectral regrowth in the adjacent channels. Consequently, also the PSD as a function of the value should be evaluated by means of (9) [9] . only the nonlinear distortion noise is present and the signal to thermal noise power ratio goes toward infinity. The nonlinear distortion noise does not depend on the channel. It is generated by the transmitter and faded by the channel in the same way as the useful signal. Consequently, the residual SER performance, in the absence of thermal noise, is the same for any channel that has been perfectly equalized. This fact is also useful when interpreting the analytical results obtained by numerical integration of (25) or (26). The numerical results obtained by exploiting the integration techniques of a widely known analytical tool [25] showed that expression (25) can sometimes introduce an approximation error that overestimates the real SER performance, acting as a numerical error floor on the SER performance. On the contrary, expression (26), which is generally characterized by a lower convergence speed, has a lower sensitivity to the numerical integral approximations and only exhibits some divergence problems for extremely high SNRs where the SER curves have generally already reached the nonlinear noise floor. An interesting point is the fact that the two algorithms seem to be complementary, since where one fails the other one does not.
V. CONCLUSION
We have derived the analytical computation of the uncoded SER performance for an OFDM system in nonlinear frequency-selective fading channels, thus generalizing the approach proposed in [9] for AWGN channels. The computer simulations conducted on a DVB-T system affected by frequency-selective fading channels compliant with the COST 207 proposal [16] have validated the proposed analytical approach. The approach allows predicting, with a dramatically reduced computation time, the uncoded system performance of an OFDM system in a realistic scenario impaired by a nonlinear distorting amplifier (even predistorted) and by frequency-selective fading channels, if perfect channel equalization is performed at the receiver.
The proposed approach can also be extended to compute the performance of real equalizers that estimate the channels. This, if is distributed as a noncentral chi-squared RV. Table II reports the parameters and , as well as the complex coefficients of (11) used to represent the amplifier AM/M and AM/PM distorting curves of Fig. 2 .
APPENDIX II AM-AM AND AM-PM PARAMETERS
